QUASIFREE MARTINGALES 

J. MARTIN LINDSAY AND OLIVER T. MARGETTS 

Abstract. A noncommutative Kunita-Watanabe-type representation theo- 
rem is established for the martingales of quasifree states of CCR algebras. To 

^Nj ' this end the basic theory of quasifree stochastic integrals is developed using 

the abstract Ito integral in symmetric Fock space, whose interaction with the 

C !) , operators of Tomita-Takesaki theory we describe. Our results extend earlier 

fS) ' quasifree martingale representation theorems in two ways: the states are no 

J, ' longer assumed to be gauge-invariant, and the multiplicity space may now be 

J^ infinite-dimensional. The former involves systematic exploitation of Araki's 

Duality Theorem. The latter requires the development of a transpose on ma- 
trices of unbounded operators, defying the lack of complete boundedness of 

^"^ ' the transpose operation. 
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• ^ In this paper we consider martingales adapted to a filtration of von Neumann 

■^ i algebras determined by a quasifree state of the CCR algebra over an L^-space of vec- 

Cd I tor valued functions on the half-line. The main tools of our analysis are the abstract 

Ito integral in Fock space whose interaction with the operators of Tomita-Takesaki 
theory enables us to develop the basic theory of quasifree quantum stochastic in- 
tegrals, and Araki's Duality Theorem for generating Type III factors with a cyclic 
^ I and separating vector from the Fock representation of a CCR algebra. A trans- 

^f) . pose operation on the relevant class of integrands also plays a crucial role. The 

0^ I main result is a noncommutative Kunita-Watanabe-type representation theorem 

>2 ' for quasifree martingales. 

Our results extend previous work in two ways. First the multiplicity space of the 



CO . noise may now be infinite dimensional, and secondly, the class of quasifree states is 



much wider than hitherto considered; it is subject only to natural constraints, in 
particular we go beyond guage-invariant states. The importance of the former gen- 
eralisation is underlined by the fact that the stochastic flows arising in the dilation 
of Markov semigroups on operator algebras typically require infinite-dimensional 
^^ I multiplicity spaces. A consequence of the latter is that (without guage invariance) 

V^ . creation and annihilation integrals need no longer be mutually orthogonal at the 

Hilbert space level. As with [HuLj . and its fermionic counterpart |Li| , the full fil- 
tration of the quasifree noise is used here, rather than that generated by a fixed 
linear combination of quasifree quantum stochastic integrators, as in IBSW2I (the 
connection between these is elucidated in |LiW| ) . 

Recent developments in the use of quantum probabilistic models (e.g. [At J| . [Bel] ) 
demonstrate the need for quasifree stochastic analysis. In a sister paper ( |LM) ) we 
develop a stochastic calculus for the quasifree integrals defined here. 

Noncommutative martingale representation theorems have been established in 
a variety of other contexts. The original one was for the Clifford filtration, which 
is the fermionic analogue of the Wiener filtration of canonical Brownian motion 
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( |BSWi| ). Its free analogue was obtained in |BiS| . A representation theorem for 
martingales with respect to the operator filtration of (minimal variance) quan- 
tum Brownian motion as Hudson-Parthasarathy quantum stochastic integrals, was 
obtained in [HLP, for the classes of essentially Hilbert-Schmidt and unitary martin- 
gales, in |PSi| for so-called regular martingales, and in IPS2I for regular martingales 
with respect to infinite dimensional quantum noise (see also |Mey| and, for a recent 
coordinate- free treatment not reliant on extra set-theoretic axioms, [L3]). These 
results lie at a deeper level of noncommutativity than the Clifford and free cases, 
which make essential use of the finite trace available in those contexts. So far they 
cover only a class of bounded (as opposed to L^-) martingales, however they do 
extend very satisfactorily to an algebra of semimartingales whose martingales pre- 
cisely comprise the Parthasarathy-Sinha class ( |Att| ) . White noise extensions of 
the latter form of martingale representation have been obtained in which explicit 
expression is found for the 'stochastic derivatives' (see |JiO| and references therein). 

The plan of the paper is as follows. In Section [T] an extension of the well-known 
vector-operator correspondence for operators affiliated to a von Neumann algebra 
with cyclic and separating vector is established. The transpose operation that 
we need for defining quasifree stochastic integrals is identified, and its properties 
described, in Section [2] Commutation relations between the abstract Ito integral 
in Fock space and operators which respect the Fock space filtration are proved in 
Scction[21 In Sections 2] and O the general context for our stochastic calculus is set, 
through a detailed discussion of relevant sufficient conditions for Araki's Duality 
Theorem to apply. Natural assumptions for the stochastic setting then emerge 
and these are shown to imply the sufficient conditions. We also describe classes 
of examples of quasifree states for stochastic calculus which are covered by our 
general assumptions. Section [S] establishes the underlying vector process theory by 
means of a modified Ito integral and its commutation relations with the relevant 
Tomita-Takesaki S operator, using results of Section|31 In the last section, quasifree 
stochastic integrals are defined and are shown to yield all the martingales of the 
theory, moreover adjointability of a martingale is shown to correspond precisely to 
the adjointability of the quasifree integrand process. Various facts that we need 
about the behaviour of unbounded operators under composition, orthogonal sum 
and tensor product are gathered in an appendix. 

Notational conventions. For any vector- valued function / : M+ — )• V and subintcrval 
/ of M+, // denotes the function agreeing with f on I and taking the value 
outside /. All Hilbert spaces are complex, with inner products linear in the second 
argument, in sine with the following natural and very convenient (Dirac-inspired) 
notations: for a vector u in the Hilbert space h, we write \u) E |h) := B{€.;h) 
and {u\ e (h| := B(h;C) for the respective operators A M- Au and v t-^ {u,v). 
We abbreviate h ® h to h®^. The linear span of a set of vectors S is denoted 
LinS*. For subspaces Ui and U2 of Hilbert spaces hi and h2 we write C/i® C/2 for 
Lin{ui (g) M2 : Ml G Ui,U2 & U2}, the linear tensor product of {Ui,U2) reahsed in 
the Hilbert space tensor product hi (g) h2. Blanks replace zero entries in matrices. 

The following notation is used for the symmetric Fock space over a Hilbert space 
h: r(h) = 0„>oh'^", where h'^^ = C and, for n > I, h"^" denotes the n-fold 
symmetric tensor power of h. The (normalised) exponential vectors are given by 

wiu) := exp(-||u|| 2/2) £(u) where e(w) := {{niy^/^u'^")^^^ {u <E h), 

and the Fock vacuum vector fih, by n7(0) ~ e(0) e r(h). For 5* C h, we set 
£(5*) := Lin{£(w) : v € S}. For u e h, the Fock-Weyl operator Wo{u) is the unitary 
obtained by continuous linear extension of the inner-product preserving prescription 

ti7(w)h^e-'^'"<"'^>tn(u-ft;) (veh). 
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We also use the gradient operator V on Fock space (which will be freely ampliated 
without change of notation). This is the unique closed operator from r(h) to h(g)r(h) 
with core 8 := £{h) satisfying 

Ve(u) = w ® e(w) (u S h). 
1. Affiliated operators and matrix-operator correspondence 

The following notations will be used for classes of unbounded operators. For 
a subspace Vi of the Hilbert space Hi, write C'(I?i;H2) for the linear space of 
operators from Hi to H2 with domain Vi and, for dense subspaces I?i of Hi and 
I?2 of H2, set 

OHVi,V2) := {T e 0{Vi;H2) : DomT* D P2} and T^ := (r*)|p,. 

Clearly the dagger operation is a conjugate-linear isomorphism 

^ : OH'Di,V2) ^ OH'D2,-Di) (1.1) 

satisfying T^^ = T. In case the Hilbert spaces are the same, we abbreviate O^ {T>, V) 
ioOHV). 

Remark. By the Closed Graph Theorem, C'-'-(Hi,2?2) = S(Hi;H2), for any dense 
subspace I?2 of H2. 

For this section we fix a von Neumann algebra (M,H). There will be supple- 
mentary Hilbert spaces h, hi and \\2 appearing. The following definition extends 
standard terminology (for the case where hi = h2 = C). 

Definition. A possibly unbounded operator T, from hi (g) H to h2 (81 H, is affiliated 
to M, written r77S(hi; h2)^M, if for all unitaries u in M', {l2®u*)T{Ii®u) = T, 
in particular (/i (X) u) DomT = DomT. 

Remark. If T is closed and densely defined then Trj B{hi\h2) ®M if and only if 
Pg e B(hi® h2)®M, where G = Graphr. 

For a subspace I? of H, set 

0M(hi^2?;h2(8)H) :^ {T G ©(hi ® X>; h2 ® H) : r77B(hi; h2)^M}, 

and if T) is dense, also set 

Ol^{\\i®V,\\2®'D) :- {T C,0^{\\i®V,\\2®'D) :r7/S(hi;h2)®M}, 

and abbreviate Oli^{\\®_'D, h ® I?) to ©^(h ® P). It is easily seen that, when T>i = 
hi® I? and 2?2 = h2®I', the conjugate-linear isomorphism (jl.ip restricts to an 
isomorphism 

Ol^{hi®V,h2®V) ^ Ol^{h2^VM®^^)■ 
For the rest of the section suppose that M has a cyclic and separating vector ^, 
set S = M'^, and let S'j be the associated Tomita-Takesaki operator ( |Ta2| , Chapter 
VI; [StZ], Chapter 10). Define operators E^ := /h ® |0 and E^ := {E()* = I^® (C| 
where the Hilbert space H is determined by context. Note that 

C'*^(hi®S,h2®S)=: {TeOM(hi^S,h2(XH) : h2 C DomT*^;^.}. 

The following class of operators helps us manage adjoints of affiliated operators 
through bounded operators: 

B^_^,(hi; h2 ® H) :- {B G B(hi; h2 ® H) : 

3B.|.eB(h2;hi®H) V.'ew B* {h ® x')E^ ^ E^h ® x')B^}. 
When such an operator exists it is unique. The map 

5M,c(hi;h2^H)^S^^^(h2;hi®H), B ^ B^ 
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is manifestly a conjugate-linear isomorphism satisfying i?|| = B. Clearly, for B e 
B{hi; h2 (8) H), to be in B^ ^(hi; h2 «) H) is for there to be a Bj £ B{h2; hi (g) H) 
satisfying 

{ci(g,x'^,B^fC2) = {Bci,c2(g)x'*0 (ci € hi,c2€ h2,2;'G M'). (1.2) 

Moreover, for A E i?(hi; h2) and 77 S Dom5^, 

^<^ h> e B^^^(hi;h2(gH) and {A® \7]))^ = A* (^ \S^r]). 

Note also that, when T € C^(hi ® S, h2 ® S), the operator TE^ is everywhere 
defined and closed, and thus bounded. The 'matrix-operator' correspondences con- 
tained in the straightforward proposition below play a significant role in the sequel. 

Proposition 1.1. The map 

CM(hi®S;h2®H)->C'(hi;h2®H), T^TE^ -.^TE^ 

is a linear isomorphism with inverse given by B 1-^ B^ , where B^ is the linearisation 
of the bilinear map 

(ci,x'0 ^ {l2®x)Bcu 
which restricts to an isomorphism 

Ci^(hi®S,h2®S)^B^_^(hi;h2®H), 
intertwining the operations ^ and y. 

(TE^)^ = T^E^ and (B^)'' = (Bt)«. 
Remarks. To illustrate on simple tensors, let 

AeO(hi;h2), BeB(hi;h2), R£Om{^;H), X e Om(5) and ZeO*,(S). 
Then, setting ( = Z^, 
{A§iR)E^^ A§i\R^) and {A^\XS,))^ ^ A^X, so 

{{B^R)E^)^ ^{B(g) |i?0)^ ^B*(g) \S^RO =B*(g) |i?^0 = iB^R)^E^, and 
{{B ® |C))t)^ - {B* ® \S^Of = B*^Z^ C (B ® Z)* = {{B ® |C))«)*, 

thus((i?®|C»t)^-((i?^IC))«)^ 

When hi = h2 = C the above correspondences reduce to the well-known linear 
isomorphism 

Om(S;H)^H, X^XC, (1.3) 

and its restriction, the isomorphism 

Ol{E)^DomS^, (1.4) 

under which S^{X£^) = X^^ (see, for example, |BrR] . Proposition 2.5.9). Specifi- 
cally, Cm (C; C (g) H) = |H) and 

5m,c(C;C® H) = {10 : C e DomSj} with |C)t - l^cO- 

In the next section we shall see how this connection can be raised to the matrix 
level. 

We end this section with another very useful elementary fact. 

Lemma 1.2. Let V be a subspace of M' . 

(a) // V is dense in M' in the strong operator topology then V^ is a common 
core for all operators in ©^(S). 

(b) IfV is dense in M' in the ultrastrong topology then hi®V^ is a common 
core for all operators in 0^(hi ® S, h2 ® S). 
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2. Transpose and conjugate for matrices of unbounded operators 

For this section we fix a von Neumann algebra (M, H) with cyclic and separating 
vector ^, let S^ and F^ denote the corresponding Tomita-Takesaki operators, and 
set S — M'^. Also Hilbert spaces k, and k^ (z = 0,1,...), will appear which are 
complexifications of real Hilbert spaces; we denote the action of their associated 
conjugations k, respectively ki, by c i— >■ c. We consider a transpose operation on 
a class of abstract matrix spaces over a space of unbounded operators affiliated to 
M. We then detail its relation to the dagger (adjoint) operation and to S^. This 
is needed to handle quasifree stochastic integrals for infinite dimensional noise; it 
also enables multiple quasifree integrals to be defined in |LM| , where they are used 
for solving quasifree stochastic differential equations. 

For B e B(ki; k2), its conjugate operator is defined by 

B := fcaSfci e B(ki; ka), c h-> BS, 

and its transpose by B^ := B = B* . The transpose maps _B(ki;k2) linearly 
and isometrically onto B{k2; ki). Due to the lack of complete boundedness of the 
transpose, the map 

B(ki; ka) ® B(Hi; H2) ^ B(k2; ki) ® S(Hi; H2), 

given by linearisation of the bilinear map {B,X) 1-^ B*^ (E) X, is unbounded unless 
-B(ki;k2) or i?(hi;h2) is finite-dimensional (see, for example (EfR) ) . We need to 
overcome this obstruction whilst tranposing a class of unbounded operators. 

We exploit the fact that the transpose restricts to a unitary operator between the 
Hilbert- Schmidt classes, say U : HS{ki; [(.2) — > HS {ki; k2) and so, for any Hilbert 
spaces hi and h2, there is a partial transpose 

U(g>I : HS{ki; k2) ® HS{hi; h2) = HS{ki «) hi; k2 ® h2) ^ HS{k2 (g> hi; ki (g> U2) 

which we denote by iJ 1— > Hj. This is characterised by 

{ci(E)V2,Ht{c2^vi)) ^ {c^(E)V2,H{c^(E)Vi)) (cj e ki,Wi e hi,i = 1,2). (2.1) 

The class of unbounded operators that we need to transpose is defined next. Recall 
the linear isomorphisms described in Proposition ll.il 

Definition. The (ki, k2)-matrix space associated to (M,^) is the following class of 
operators: 

Xki;k.(M,e) := {T e OM(ki ® S; k2 ® H) : TE^ e HS{ki- k2 ® H)}, 

and for T G Mi^-^^.y^iM , S,) , its {matrix) transpose is given by 

TT := {{TE^)jf, 

thus, for B G HS{ki] k2 ® H), {B^Y ~ {Bj)^ ■ The corresponding column and row 
spaces are given by 

Ck(M,0 := Mc;k(M,0 and 7^k(M,0 := Mk;c(M,0- 

Remarks. This construction evidently enjoys the following properties: 

>'ki;k.(M,e) - {B« : B G F5(ki; ka ® H)}; 

i/5(ki;k2)®OM(S) C Alki;k2(M,0), with equality if M = C, or if ki = ka = C; 

{H (E)Xy = H'(E)X {He HS{ki; ks), X G C'm(S)); 

Ck(M,5) =0M(S;k® H), whereas 

7?.k(M,0 = {Re ^^^(k^S; H) : RE^ G HS{k; H)}; 

(B(k2;k3)®M)Xki;k.(M,e)(S(ko;ki)®/H)cXk„;k3(M,e). 
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Moreover, MkiMi^^O is a left i3(k2)<8) M-module and a right i3(ki)-module, and 
the matrix transpose is characterised by 

(ci(g)a;'^,r"r(c2®0> = (ci"®a;'C,T(cr«)0) (ci G ki,C2 G ka,^' G M'). 

We now need to relate the transpose operation 

A^ki;k.(M,O^Xk.;ki(M,0, T^T^ 

with the adjoint operation 

Ot,(ki0S,k2®S)^O^(k20S,ki^S) T^T^. 

Specifically, we seek the appropriate space of operators/matrices compatible with 
both operations. To this end we define 

ij4^(ki;k2®H):== 

{B e HS{ki;k2 <S) H) n bI ^{ki;k2 <» H) : B^ e H S {k2; ki <» H)} . 

The proposition below justifies our choice. Its corollary. Theorem 12. 21 below, is key 
for the construction of quasifree stochastic integrals in Section [T] For i = 1,2, let 
ki denote the conjugations on k^. 

Proposition 2.1. Let B e HS{ki; k2 (8i H). Then the following are equivalent: 
(i) BeHSl^^iki;k2®H). 
(ii) BTeHSl^{k2;ki<E,H). _ 

(iii) RanB C Domfca (E) S^ and 'B := (fc2 <E) S^)Bki e HS{ki; k2 H). 
In this case, 

-BfT = Bjjf = B. 

Proof. For aU ci e ki, C2 G k2 and x' G M', 

{BtC2,ci(Ex'*0 = {BkiCi,{k2(E>F^){c2(g)x'^)). 

Since k2^5 is a core for fca (E) F^ and (fca <E) F^)* — k2 E) S^, it follows (using the 
characterisation (|1.2p ') that (ii) and (iii) are equivalent, and also that when they 

hold, B==BTt- 

If (i) holds then, for all ci e ki, C2 G k2 and x G M', 

(BtC2, ci (g) x*0 = {Bci, cj ® a;*0 

= (cT (8) a;^, Sfci') = (c2 ® x^, i?tTCi) 
so, by the characterisation p.2p . 

BTGB^^,(k2;ki(g)H) and Bjt = Stj G i?5'(k2; ki (^ H). 

Thus (i) implies (ii), and since Bjj — B, also (ii) implies (i). This completes the 
proof. D 

Definition. The (ki, k2)-adjointable matrix space associated to (M,^) is the class 
of operators defined by 

{rGMki,k.(M,e)nO^(ki®S,k2^S):rtGA^k„ki(M,e)} 
The corresponding column and row spaces are given by 

C,*(M,0:-A^L(M,e) and 7^i^(M,e) := X*;c(M'0- 

We now have a matrix space of affiliated operators having adjoints and trans- 
poses; the key properties are summarised next. 
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Theorem 2.2. The following hold 
Ml,^,,{M,0 ^{B^:Be HSl Jk^;k2 ® H)} 

= {Te Oliki ® S, ka ® S) : TE^ e HS{ki; ka ® H),T^E^ e HS{k2; ki ® H)}; 
HS{ki;k2)^Ol^{E) cMl^.^^JM,^)), with equality if M ^ C, or if ki = k2 = C; 
{H(S)Xf^ =H^^ ®X^ =H®X^ {H e HS{ki-k2),X e Ol^{E))- 
Ck(M,C) = {C e C'^(S, k® S) : C^i;^ e HS{k; H)} {restoring symmetry with) 
^k(M,0 = {-ReC'L(k^2,S) :i?^^ ei75(k;H)} (fewt also) 
Ct(M,e) = {|C>^ :CeDomfc(g)S'J = {C G OmCS; k (g) H) : C^ G Dom /c (g) fi-j } . 
Moreover, for all T G Xk^.k,(M,C) a^c? C G C^(M,0; 

T^'^E^ ^ {k2 (E) S^)TE^ki, and C^"^^ = {k (g) S^)C£,. (2.2) 

Remarks. Note further that 

{B{k2; ka) ® /H)A^*k,;k.(M,e)(B(ko; ki) ® /h) C Ml.^,^iM,0, 

■^k k C^'O i*^ ^ I'^ft _B(k2)-module and a right i?(ki)-niodule. 

The relationship between the various spaces is seen in the fohowing commutative 
diagram, in which the horizontal arrows represent linear isomorphisms and all other 
arrows represent inclusions. 



OM(ki®S;k2«)H) 



/0^(ki^S,k2^S) 



-^0(ki;k2®H) 




kl,k; 



(M,e) 



-^S^_j(ki;k2<»H) 



-^H5^^(ki;k2 



^HS{ki;k2®H 




A^ki.k.(M,C) 



We end this section by introducing a transform between matrices and columns 
which is one of the ingredients of the construction of quasifree integrals in Section[7l 
Denote by tt the sum-flips on both k®^ and k®^ (g) H = (k (g) H)®^, set k := C © k, 

>'k(M,Oo := { [c ""l : C G Ck(M,e) and R G 7^k(M,o}, and 

Xi(M,Oo:-Xk(M,OonXi(M,0, 
and set k"^ :— (fc fc) o tt. 

Corollary 2.3. The map 

7Wij(M,e)o^Cke2(M,e)-OM(S;k®2®H), T- ^ ^ 

is a linear isomorphism which restricts to an isomorphism A^i(M,^)o — >■ C^^alM,^) 
satisfying T^H = tt o T^>^~^ , and thus 

T^O^ = (fc'^ (g, 54)T[le 



i-^T[' 
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3. ItO INTEGRAL AND COMMUTATION RELATIONS 

In this section we prove a commutation relation between second quantisation 
and the abstract Ito integral. First we set up notation for stochastic analysis in 
Fock space. Fix a Hilbert space f) and a separable Hilbert space k. For a subinterval 

/ of R+, set 

Kj = L^{I;k), J-k,/ = r(K/), %/-f)® J-k,/, and f}k,/ = (1,0,0,- -Oe^M, 
dropping the / when it is all of M-f . The tensor decompositions 

^k = -^k,[0,s[ <^ ^K[s,t[ «> -^k,[t,oo[ (0 < s < i < oo) 

are witnessed by exponential vectors. Write 

Pt for Mi,„^j on K and Pt for h «) T{pt) on h(X) J"k (^ > 0), (3.1) 

where Af denotes multiplication operator and h can be C, f) (or k (g) f)), depending 
on context, and let Kt, J^k,t and iOk,t be the images of the respective orthogonal 
projections. Then K (g) i^k = L'^(^+', k (X" Sj\^) and, by Fubini's Theorem, 

{y e K(8)i3k : for a.a. t e R+,yt = Vt) ®^y,[t,oo[ for some yt) € i3k,[o,t[} and 

{ye K (g) Jok : Vt>o (pt ® /fl Jy e K^iok,*}, (3.2) 

coincide; the common subspace is called the fl-adapted subspace of K (g ijk, and is 
denoted L^(M+; k g) .^k)- Let Vq denote the inclusion L^(M+; k ® .^k) — >■ K g) S)w, 
and Pn the orthogonal projection VhVJ^- Recall the gradient operator defined in 
the introduction and the convention on ampliation. The operator Vq V is bounded 
and D := V^V is a surjective partial isometry with kernel .$5k,o, which is called the 
adapted gradient operator f [AtLj ). The Ito integral is the isometry 

I:=D* =SVn : Ll{R+;k^ ^y) ^ JOk; 

the divergence operator S := V* being an abstract Hitsuda-Skorohod integral 
( IL3I ). We further define 

L^,i„,(M+; k ® Jok) :- {y e iL(K+; k ® i3k) : Vt>o y[o,t[ e K ® Jok.t}, 

and for t G K+ and z e L^ iq(,(M4.; k g) JOk), ^tV '■= ^y[o,t[- The following char- 
acterisation of operators affiliated to the von Neumann algebra L°°(]R_|_) g)i3(k) is 
useful. 

Lemma 3.1. Let T be a closed and densely defined operator on K. Then the 
following are equivalent. 

(i) T is affiliated to L°°{R+)1E) B{k). 

(ii) T satisfies the invariance condition 

TptDptT (i>0). (3.3) 

(iii) T is 'pointwise adjointable ', that is for all f G Dom T* and g G Dom T, 

(/(i), {Tg){t)) = {{T*f){t), g{t)) for a.a.t> 0. 

Proof Since, for all t > 0, pt £ L°°(R+) » 4, the commutant of L°°(R+) ® B(k), 
(i) implies (ii). On the other hand, viewing i°°(R_|_) as the dual of iy^(M+), for 
/ e Dom T* and g G Dom T the set 

{^ G L°°(M+) : ll^lloo < 1 and (T*/, V9)^{f,'P- Tg)} 

is compact and metrizable in the relative weak topology, and step functions with 
L°°-bound at most one are dense in the unit ball of L°°(M+). It follows that (ii) 
implies (i). 



QUASIFREE MARTINGALES 9 

The equivalence of (i) and (iii) is evident from the identities 

dMt){f{t), {Tg){t)) = (/, ^ • Tg), and 

{T* f,^ ■ g) ^ j dMt){{T* f){t),{g{i)), 
for / e DomT* and g E DomT and (p e L°°(M+). D 

Remark. A good reference for the identification of L°°(R+) (g) M and L°°(M_|_; M), 
for a von Neumann algebra M with separable predual, is Theorem 1.22.13 of [Sakj . 

Lemma 3.2. Let R~T®X, where T and X are closed densely defined operators 
on K and S)\^ respectively, satisfying 

T rj L°° (R^) ® B (k) , equivalently Tpt D ptT, and 

X(iOk,t n DomX) C iik.t, equivalently XPt = PtXPt {t > 0). 

Then 

(T(g)X)(L^(]R+;k(8)i5k) n DomT (g) X) C L'^-i{R+;k(g} S)\,), equivalently 

{T ® X)P^ = P^\T ® X)P". 

Proof. Set / := /t^^. By Part (f) of Proposition IA.3I and Corollary lA. 41 we have 

(a) R{pt (g) /) D {pt <E) I)R, and 

(b) i?(K®i3k,tnDomi?) C K(gJok,(, for all t > 0. 

Let z £ L^(M+; k (g) Sj^) n Domi? and t > 0. By adaptedness and (a), {pt (g I)z € 
(K(gi3k,t)nDomi? and 

R{pt g) I)z = {pt g) I)Rz 

so, by (b), R{pt®T)z £ K(gi3k,t and thus {pt®I)Rz £ Kg)JOk,t- Therefore, by ([321), 
Rz G Lq(]R+; k g) i5k), as required. D 

Notation. For operators T and A" of the above form we set 

T®nX:^Vi\{T®X)Vn (3.4) 

where Vn is the inclusion map Lf-^{E.j^; k ® i^k) — ;► K g) JOk- 

Remark. Operators of the form T (gji X are closed, as is easily verified. 

The next two results involve the (ampliated) gradient operator on Fock space 
(which is defined in the introduction), and the second quantised operators of Propo- 
sition |2]5] 

Lemma 3.3. Let A and T be closed densely defined operators on f) and K respec- 
tively. Then 

V{A®V{T\) c {T®A®T{T\)V. 

Proof. For v £ Dom A and g £ Doni T, 

v£{g) £ Dom V, Av g) e{Tg) £ Dom V, 

\/ve{g) ^ g ® V ® e{g) £ Dom (T(g A® r(T)|), and 

(Tg)Ag)r(T))Vue(g) ^Tg®Av®e{Tg) ^ V {Av ® e{T g)) . 

The result follows. D 

With these we are able to establish a key commutation relation between the 
operations of second quantisation and Ito integration. 
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Theorem 3.4. Let X = A <S) r(r) where A and T are closed densely defined 
operators on t) and K respectively, with T affiliated to L°° (W^) <Si B (k) . Then 

XI^Io{T®nX) 

and, for any core C for X , D{C) is a core for XT. 

Proof. The strategy of proof is as follows. We prove successively: 

(a) For all t > 0, X{S^w,t n DomX) C iik.t- 

(b) XT^To{T(^nX). 

(c) The operators XT and T o (T (Ejq X) are both closed. 

(d) If C is a core for X then D{C) is a core for XT. 

(e) Setting T> := DomT® Dom^® £(DomT), we have 

P^\V) C DomT(8)X. 

Then, setting C — Dom.A(Ei£(DomT), we have 

VnD{C) C P^P C DomT(SX. 

Thus, by (d), D{C) is a core for XT contained in Dom(T (E)q X), which equals 
Dom (T o (T (S)n X)^ . Since T o (T (E)n X) is closed, it follows that the inclusion in 
(b) is an equality and the proof will then be complete. 

(a) Let t > 0. First note that Tpt — ptTpt. To see this use Lemma [3.11 and 
observe that, for / e DomTpt, 

Ptf e DomT = DomptT C BomTpt and Tptf = Tptptf = PtTptf- 

Now let ( E J-w,t n Domr(T). By Proposition IA.5[ we have 

r(r)C - r{T)TiptK = T{Tpt)C e RemTiptTpt) C Ranr(pO = Tt. 

Thus r(r)(j"k,t n Domr(r)) C J'w.t, and Corollary HH implies that X(Jok,t n 
DomX) C iOk,t, as required. 

(b) By (a), Lemma \J^ applies, thus 

{T<»X)Vn^P"{T(^X)Vn (3.5) 

and we may form the operator T <Sin X. Let 

zeDomT(E)nX and C G DomA* ® £(Domr*). 
Then, by Lemma [3.31 and Proposition lA. 51 

(C,X((T®oX)z)) = {VC,VnV^{T(g>X)Vnz) 
^{\/C,{T<»A<»T{T))Vnz} 

= {w{A*^r{Ty)c,Vnz) = ((A* ®r(r)*)c,xz). 

Since Dom A* ® £(Domr*) is a core iov A* ®r{T)* = X*, this implies that Tz £ 
DomX and XTz = T{{T ^n X)z). This proves (b). 

(c) Being a closed operator composed with a bounded operator, XT is closed 
fLemma lA.ip . To see that R :— T o (T (E)n X) is closed too, let (zn) be a sequence 
in Domi? ~ Dom(r (g) X)Vn such that z„ -^ z and i?z„ -^ w. Then Vh^n -^ Vqz 
and, by (|3.5D . 

(T ® X)Fo2„ = P'\T ® X)ya^„ 

= VblJIlr (g>n X)zn = VnDRzn -^ VnDw. 

Therefore, since T (g) X is closed, Vnz e DomT (g) X and (T g) X)Voz = VnDw. 
Thus, since w E Rani, z E Dom(T (g) X)Vn — Domi? and 

Rz = TV^VnDw = TDw = w. 

Thus R is closed too. 
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(d) This follows from Part (c) of Lemma lA.ll since X is closed, I is isometric 
ID = Tl* = /[! <8) r(0), and the evident inclusion 

(/i,®r(0)) A*®V{T*) c A*®V[T*) (/[,®r(o)) 

implies that XTl* D ZZ*X, by the adjoint-product-inclusion relation and Propo- 
sition IA.5I 

(e) Let C = /^ (Xi u (Xi e{p) and -q = g'^ ® v ® e{g^), where f^,P G DomT*, 
u e Dom^l*, g\g^ G DomT and v G DomA. Then, by Lemma [XTl 

- / dt{{T*f){t) ® A*u ® £(T7'), 5'(i) ® V <E> e{ptg^)) 

dt{f\t) ®u® e{f), {Tg^){t) ® Av ® e{ptTg^)) = {(, P^{T ® X)r]). 

Thus (T (E) X)P^^ D P"{T (g) X), in particular P"{V) C DomT (g) X. D 

Remarks. For comparison, note that if X is bounded (equivalently, if A is bounded 
and T is a contraction) then 

'XS = So{T(gX), 

but X5 is typically not closed (e.g. T = 0). 

We shall use this result with A and T being conjugate-linear operators. 

Corollary 3.5. For all t > 0, 

DPt^MpD where M^:=pt®nl and I = I^,^^^. (3.6) 

Proof. Let i > 0. In view of the identity {pt ® Pt)Vn — [pt ® ^)Vh, the theorem 
implies that Ptl = l{pt <8)n Pt) — ^{pt ^n I), and (|3.6p follows on taking adjoints. 

n 

4. CCR ALGEBRAS AND QUASIFREE STATES 

For any nondegenerate symplectic space (V, a) there is an associated simple C*- 
algebra, denoted CCR{V,a-); it is generated by elements {wy : v £ V} satisfying 
the canonical commutation relations in Weyl form: 

WuWy = e^"^'^'"-''"'>Wu+v and u;* = W-u (u^v G V). 

Every *-algebra morphism from CCRo{V,cr) :— Linjwt, : v G V} to a C*-algebra 
A, extends uniquely to a C*-morphism from CCR{V, a) to A, and every symplectic 
map R from V into another nondegenerate symplectic space V induces a C*- 
monomorphism (j)ji : CCR{V,a) — > CCR{V',a') satisfying (j)ji{wv) = wrv {v G 
V) ([513, paS) : see Theorem 5.2.8 of [BrR], and Chapter 2 of [Pit]). When 
(V' , a') — (y, a) and i? is a symplectic automorphism, (jjji is known as a Bogoliubov 
transformation. Typically ^ is a real subspace of a complex Hilbert space and 
a = Im(-,-) (in this case we write CCR{V)); when F is a complex subspace, the 
guage transformations of CCR{V) are the Bogoliubov transformations (pz induced 
by the symplectic automorphisms u i— > zu (z G T) . The characteristic function of a 
state if on CCR{V, a) is the complex-valued function cp :— ip o w on V. Given any 
nonnegative quadratic form a on V satisfying 

a^Ujv)"^ < a[u\a[v] {u,v G V), 

there is a unique state if on CCR{V, a) whose characteristic function is given by 

^:wh^e-5»[^l (4.1) 
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(see |Pet| . Theorem 3.4). Such states are called (mean zero) quasifree states. When 
T^ is a complex subspace of a Hilbert space, a state (p on CCR{V) is called guage- 
invariant if it is invariant under the group of guage transformations. Thus the above 
quasifree state is guage invariant if its covariance satisfies a[zv] = a[v] {v € V, 
z £ T). Quasifree states are obviously regular, that is t G R i-^- (p{tv) G C is 
continuous for all v G V. As a consequence their GNS representations yield field 
operators Rip{v) as Stone-generators of the unitary group (7ry(wt«)), „ and thus, 
when {V,(j) is a complex subspace of (H,Im(-,-)) for a complex Hilbert space H, 
also annihilation and creation operators a^{v) := i(i?;p(w) + iR^{iv)) , respectively 
a* (ii) := ^(R^{v) — iR^{iv)) (w G V). The latter are fully formed closed mutually 
adjoint operators satisfying the canonical commutation relations in the form 

IKWCIP - \K{vK\\' - MPIICIP (C e Doma;(«) = Doma^(«)) 

f |BrR| . Lemma 5.1.12). Warning: We use the probabilists' normalisation rather 
than that of the mathematical physicists. The case where {V, a) = (H, Im(-, •)) and 
o = II -jp, for a complex Hilbert space H, is the Fock state. Its GNS representation 
is given by the Fock-Weyl operators defined in the introduction and Fock vacuum 
vector. For any nondegenerate symplectic space (V, a) and symplectic map R : 
y — >• H satisfying |cr(M, u)| < |ji?u||||i?u|| {u,v G V), there is a representation nji 
of CCR{V,(j) on r(H) satisfying TTii{wy) = Wo{Rv) and a quasifree state with 
characteristic function (|4.ip in which a[v] = WRvW^ {v G V). There is an extensive 
literature on quasifree states; the notes [Pet] are useful, and jBrR) provides their 
context in quantum statistical mechanics. 



Remark. The analogue of quasifree states in free probability is investigated in [Shlj . 

A pair {Hi,H2), consisting of closed subspaces of a real Hilbert space, is said 
to be in generic position if Hi O H2, H^ H2, Hi O H2 and H^ D H2 are all 



trivial i |Halj ) . Araki's Duality Theorem, which we quote next, is central to the 
understanding of von Neumann algebras associated with quasifree states of CCR 
algebras. 

Theorem 4.1 ([Ari_2])- Let Hi and H2 he closed real subspaces of a complex 
Hilbert space H. Suppose that {Hi,H2) is in generic position and let n be the 
Fock representation of CCR{H). For i = 1,2, let iTi — tt o 0j where (j)i is the 
natural C* -monomorphism CCR{Hi) — > CCR{V\), then vr^ is a faithful, irreducible 
representation which generates a Type HI factor N^ for which the Fock vacuum JIh 
is cyclic and separating and N2 — (Ni)'. 

In this section H — K®^ where K is the complexification of a real Hilbert space. 
Viewing K and K®^ := K ® K as real vector spaces, they carry the symplectic 
forms Im(-, •)k and Im(-,-)Ke2 respectively, and the real inner products Re(-,-)K 
and Re(-,-)Ke2. The symbol "^-^ denotes symplectic complement with respect to 
the symplectic form Im(-, •), and ^°-'- means orthogonality with respect to the real 
inner product Re(-,-). The conjugation on both K and K®^ is denoted by K, and 
we employ the conjugate-linear operator K^ := K o n ^ n o K , where tt is the 
sum- flip on K®^, and the real-linear operator 

K^K®^ /^(_j)- (4.2) 

Let (E°,X) consist of a real subspace X of K and an operator I]° On K®^ with 
domain Linci(X), and assume that the following hold: 

X is dense in K, (4.3a) 

E° is closable, and (4.3b) 



/ 
-K 
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S° o t is symplectic. (4.3c) 

Set E := S°. Note the following, in which R :— Rant: 
X n iX is dense in K; 
RCMR^ {0} and R + iR^ K®^; 
DoniI]° is dense in K®^. 
Recalling the Fock-Weyl operator notation described in the introduction, we define 
N(s,a;) := (Ws°)" where We° := Lm{W{f) : f eX} andW := Wq o S° o t; 
H, := ilKffi2, J- := J^kffi2, and write V^^' for the natural isometry K®^ — ?> J^; 



Hi := E°t(X) and ^2 := fl^i == ^ii^f = iiHiY^''^. (4.4) 

Thus i?i and H2 are closed real subspaces of K®^ and V'^^^V'^^^* = Pj^d), where 
®n>o -^ is the eigendecomposition for the number operator on J-. 

The map Wf i->- W{f) defines a representation of CCR{X), and the vacuum 

vector induces the quasifree state on CCR{X) with characteristic function ^(/) = 

g-i!|s°t(/)f ^ 

To the above assumptions on (I]°,X) we add the following: 

RanS° is dense in K®^. (4.5a) 

the pair {Hi,H2) is in generic position. (4.5b) 

Thus VL is cyclic and separating for N(-x;_3e)- 

Theorem 4.2. Let (I]°,X) he as above, satisfying (j4.3p and (14. 5p . S'et sji := 
1/(1)* S'o 1/(1) and /ti := t/(i)*FnF(i). Then the following hold. 

(a) SaP^w D P^(i)5n, F(i)*5o c snV^^> , and snS° = I]°if". 

(b) So is closed and densely defined with core RanS°. Moreover, 

DoniSf2 D Hi + iHi and s^rj — rj (77 G Hi + iHi), 

with sq( = — C for C e Hi and so(C) = C for C G *^i- 

1 /2 

Let jn^Q be the polar decomposition of sn- 

(c) jnHi - iJ2, JO = VW*JnV('\ 5]l^ = y(i)*Aj^/V(i), and 

JnW^{G)Jn = M/o(joG) (G e iJi). 

S'et E°' := JqY,°{K © X) and noie that YP' is closahle and 

DomS°' = (if ® X) Dom S° = Linci(A'X). 

Define ^(t.',kx) — (Ws=')" w^e^ >Vs°' := Lin{M/'(5) : 5 e KX} and W := 
Wo o E°' o t' 

(d) E°' o L is a symplectic map from KX to K®^. 

(e) N(s',K3e) = (N(s,3e))'- 

(f) FoP^d, D P^(i)Fo, y(i)*Fo C /oy(i)* and /oE°' = E°'if". 

(g) /o is closed and densely defined with core RanS]°'. 
(h) /o = Sf2, r(so) = 5*0 and T{fn) = Fq. 

Proof (a) For / G X, since Sn£itY°i{f)) = £(-iS°i(/)), 

t-i(e(tE°.(/)) - r!) ^ 1/(i)e°.(/) = P^(i,£(tS°.(/)), and 

5ot~'(£(tS°t(/)) - r!) ^ -V(i)E°t(/) - -P^(i,e(iS°t(/)). 
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Thus Pjr(i)W{f)n G BomSn and SnPj^(i)Wif)n = Pjr(i)SnW{f)n. Since W£f7 
is a core for Sq, this imphes the first inclusion. The second inclusion follows, as 
does the identity 

saI]°ot = -I]°ot. (4.6) 

Since K^ o l — — i, the conjugate-linear operators snS° and Y1°K^ agree on i(X), 
and therefore coincide. 

(b) Since Sn is closed with core W^ri, (a) and the adjoint-product-inclusion 
relation (jA.Sp imply that sn is closed with core V^^''*yV^fl — Ranl]°, which is 
dense by assumption. Now let ( G Hi. Then C — linrCn for a sequence {(„) 
in S°i(X). By (|4.6p . so(^„ = — ^„ — t- — C. Since sn is closed, this implies that 
C € Domso and soC = ^C- Also, by conjugate linearity, sqjC = iC- It follows that 
Hi + iHi C Dom Sj2 and s^^r; = 77 for 77 e iJi + iiJi . This proves (b) . 

(c) This is proved in |EcO| using Halmos' two subspaces paper { [Hal) ) : see also 
Chapter 7 of [Pet]. 

(d) S°' o t is symplectic since, for /, g E X, 

Im(I]°'.(7),I]°'i(5)) = Im0nS°7(/),jnS°7(g)) 

= -Im(E°.(/),E°t(.9)) = -Im(/,.g) =Im(7,5). 

Since (X ® K) o l ^ lo K and jn is isometric, the density of Ranl]°' follows from 

(c): 

RanE°' = joRanS" = joii"i = H2. 

(e) By (c), 

W'Q) = W^o(5]°'t(7)) = W^o(joS°7(/)) 

= JnWo{T.°i{f))Jn = JnM^(/)Ja 
so, by Tomita's Theorem, 

N(s',K3f) = (Wso')" = (JnWso Jn)" - Jo(WEo)"Jn = JnN(E,3e)^n = (N(s,3e))'- 

(f)&(g) By the assumptions on {X,T,°,Hi,H2), and what has been already 
proved, the pair {KX, S°') consists of a dense real subspace of K and a closable 
operator satisfying (|4.5p . with {H2,Hi) in place of {Hi,H2). Since, by (e), the 
S'-operator for {N^>,fl) is Fq, (f) and (g) are precisely what results from applying 
(a) and (b) to the pair (KX, T.°'). 

(h) The identity s^ = /ji follows from (a) and Part (c) of Lemma lA.ll For 

/ex, 

r(so)e(S°i(/)) - e{sn^°i{f)) - e{-J:°i{f)) = Sne{J:°i{f)). 

The closed operators S — H. and r(sj2) therefore agree on £(Yl°i{X)) — Wsof^, which 
is a core for Sn, so Sq C r(sn). Applying this with (E°, Sq) replaced by (S°',Fn) 
gives Fq C r(/o), so we also have 

Sn^F^D r(/o)* = r(/^) = r(so). 

Therefore the required equality holds, and the proof is complete. D 

We make two simple observations, as motivation for the following result. 
Remarks. If E° is closed (so that S = S°), then 

RanE C Hi + iHi. 
Thus, if I]° is surjective (and thus also closed) then 

Hi + iHi = K®2. (4.7) 

Proposition 4.3. Let {11°, X) be as in Theorem \4.S\ and assume (|4.7p . Then the 
following hold: 
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(a) Sj2 = ^Kffi2, in particular sq is bounded; it is given by 

sniC + iv) = -C + iV (C,??e^i)- 

(b) // also E is surjective then 

(i) snE = SX'^, so sn = ^K^^-^ . 

(ii) [sn (S) Sq){T, (g) Ijr) c sqE (g) So C (E ® Ijr){K'' (g) Sq), moreover, the 
second operator is the closure of the first. 

(c) // E is surjective and we assume further that there is a real subspace V of 
X such that 

tCifP) C DomE*E' and UncT,' l{KV) is dense in K®"^ , (4.8) 

then the conclusion in {b){ii) has the following refinement: 

Dom(so (g) 5o)(E ® Ijr) = Dom s^E ® Sn n Dom E ® Ijr. 



Proof, (a) This follows immediately from Part (b) of Theorem 14.21 

(b) (i) We have sn^° = ^"K" and so, since s^ = Iy^92, E° = snE°isr'^. Since 

also {K^'y = li^m, it follows that E = sn^°K'' = sqT.K'^ and (i) follows, 
(b) (ii) Since sqT, is closed and E~^ is bounded we have 

sn<»Sn = saEE-i g) Sn = (soE ® Sn) (E^^ /^) = (Ei^^ (g Sn) (E^^ /^) 

(by Part (d) of Proposition ETS)) . therefore 

(sn <» 5a)(E (g /^) c snE g) Sn ^ EX'^ ® 5n 

C (E(g/^)(X"®^n), 



by Part (e) of Proposition ETSl Since sn'^'gSn is closed and the domain of the LHS 
of this inclusion contains Dom E ^ Dom Sn which is a core for the middle term, (ii) 
follows. 

(c) Let X e DomsoE (g) Sn D DomE (g) Ijr. Since (sqE g) Sn)* = E*/o g) ^n, to 
see that x e Dom(sn g) 6*0) (E g) /jr) if suffices to verify that 

((/n ® i^n)a, (E ® I^)x) = ((E*/n ® i^n)a, x) (4.9) 

for all vectors a from a subset of Dom E*/si g) Fn which is a core for fn'^Fn. Since 
/si is bounded, it suffices to verify (J4.9I) for vectors a of the form u g) Tfi where 
T e N/j, ^N and u is from a total subset of K®^. By assumption we may take u from 
E'i{KV). Now 

{fn <g Fn)^'iig) ^Tn = fn^'^iV) <g T*n = -EV(g) (g T*n 

for all (7 e I? and T e N'/j^ ^x and so, for such a, 

LHS of gH) = ( - E*E't(g) (g T*f^, a;) = RHS of (1491) . 
as required. D 

The elementary observation contained in the following lemma is relevant to the 
examples below. 

Lemma 4.4. For any real subspace V of K, 

F © {0} = {iif) ~ ii{if) : / e y} and {0} ® KV ^ {i{f) + ii{if) : / G ^j. 

In particular, if V is a complex subspace of K then 

Line t(F) =V®KV. 
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Proof. Let J be the real-linear map / i— > ?/ on K. Then 



/ 
-K 



and (J ® J)iJ 



so 



L- {J ® J)iJ 



and i+{J ® J)iJ 



The result follows. 



D 



Example (Guage-invariant quasifree states). Let X be the complex subspace Dom T^/"^ 
of K, where T is a nonnegative selfadjoint operator on K, and let Y,° be the non- 
negative selfadjoint operator 



^/TTT 

kVtk 

It follows from the functional calculus for T that I]°ot is symplectic and ||I]°t(w)|| = 
llV-f + 2Tu| > \\v\\ {v £ X), so there is a unique quasifree state on CCR{X) with 
characteristic function 

Moreover, since (pt{zv) = (pt{v) {z E T), the state is guage-invariant. Note also 
that Hi and H2 are the closures of the ranges of the respective operators 

Vt 



VT+T 
-kVt 



and 



The degenerate case where T = is the Fock state. On the other hand if T is 
injective then St has dense range and it is straightforward to verify that {Hi,H2) 
is in generic position, so Theorem 14.21 applies. The associated operators are then 

-1 



Jn 



where 



K 



K 



^1/2 _ 



^/T+T- 



Ky/I + T-^ K 



and 1]°' = E^ 



T) 



2^'Y' '• — 



Ky/T+T K 

Thus jn — K'^ ■ Note that Ey and E^ are both closed, and 
equal to Dom T since 

1 



holds with V 






-•T^T 



VW+T) 



Ky/T{I + T)K 

Thus, if T is bijective then so is Et and Proposition 14.31 applies. Note that in this 
case T~^ is bounded so the boundedness of Sq , and thus also of sq, is manifest. 
Moreover, setting A = log(/ + T"^), we have I + 2T ^ coth A. The case A = ^I 
then corresponds to the temperature state of CCR{K) with inverse temperature /3 

(iBiEl). 



Example (Squeezed states). The above guage-invariant quasifree states may be 
'squeezed' by composing with the Bogoliubov automorphism (J)q of CCR{X) in- 
duced by a symplectic automorphism Q of X. We use the following structure 
theorem from [HoRI . If either K is separable, or Q is bounded (as a densely de- 
fined operator on K, viewed as a real Hilbert space), then Q is the restriction of an 
operator of the form 

[/(coshP-if'sinhP) 
to X, where f/, K' and P are operators on K, U being unitary, K' another conjuga- 
tion, and P a second nonnegative selfadjoint operator, and the following consistency 
conditions hold: 
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(a) For Re {U coshP, UK' sinhP, coshP U*, sinhP K'U}, 

X C Dom R and i?(X) C X. 

(b) K' commutes with the spectral projectors of P. 

(c) X is a core for sinh^P; 

moreover if ([/, K', P) is another such parameterisation of Q then ([/, P) = (C/, P), 
and X' and iiT' agree on RanP. In terms of these, Et o lo Q = Et,q o t where 

coshP sinhP 



j:t,q = ET(t/ e KUK')T{I ® X'/f) for T = 



sinhP coshP 



the corresponding quasifree state on CCR{X) has characteristic function 

If E° := Et.q is cfosable with dense range (for example if P is bounded) then 

1 /9 

Theorem 14.21 applies . Hi, H2, jn and (5j^ are as in the gauge- invariant case above, 
and 

E^Q ■- E^(X X)(t/ KUK')V{K X')- 

5. Quasifree states for stochastic analysis 

We now specialise our quasifree states for stochastic analysis, and we identify 
natural conditions on a pair (E°,X) — consisting of a dense real subspace X of K 
and closable operator E° on K®^ with domain Line '^(•^) — for Assumptions (j4.3p 
and (14. 5p to hold, so that Theorem 14 . 21 applies . We then show that this entails a key 
commutation relation between Ito integration and the Tomita-Takesaki operators. 

The notation is as for the previous section, but now K = L^(M_|_; k) as in Section[3] 
except that now k is the complexification of a separable real Hilbert space k*. Thus 
K®2 = L^(R+;k®^) and K is the complexification of L^(R+;k*); the conjugation 
on K being that induced by the conjugation on k pointwise: 

7it):=m (ieM+). 

Assumptions. Setting E :— E° and Ef := Vj*E14 where Vt is the inclusion map 
K®^ — ^ K®^, we now make the following assumptions on the pair (E°,X): 

(a) E° o t is symplectic and, for all t G K+, 

(b) Xt :=pt(X) C X, 

(c) ptT,° C E>, 

(d) Ej is bijective with bounded inverse, 
and consider the further alternative assumptions: 

(e) V^*{Hl + iHi) = Kf^ and there is a real subspace Vt of W^Xt, where Wt 
is the inclusion Kf — 7> K, such that 

t(A'tX't) C DomEt*E; and Line ^L-iKtVt) is dense in Kf^. 
(e+) Et is bounded for all t E M+. 

Remarks, (i) Here are some consequences of Assumptions (a)-(d). 

(a) E77L°°(M+)^P(k®2); this follows from Lemma O 

(/3) For all t E M.^, Et is closed with core Line '-(•^t); this follows from Part (c) 
of Lemma lA.ll 

(7) E is injective. 

(S) lJt>Q Line i-i^t) is a core for E. 

(e) For all t E IR+, RanE° is dense in K®^ where E° := V*T,°Vt. 

(C) For all t E M+, p(E C T,pt; this follows from Lemma [Ka\ (a.) . 
(ii) Notice that (e) is a localised version of the hypotheses in Proposition 14.31 
Indeed (e) implies the local boundedness property Vf*snVt E P(K®^) for every 
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t e M+ as follows. Setting X* :~ {I — pt)X^, the assumptions (a)-(d) give us a 
decomposition E = St E* on X = Xt ® X*, and thus a pair of von Neumann 
algebras N(5]t,Xt) and N(5]t.3e') for each t > 0. Using Weyl operators one sees that 
N(s,3e) = N(Sj^^j) N(5]t.3et)- By Theorem 14.21 this gives the decomposition 

so that So = s^t) ffi sn[f It follows from Proposition 14.31 (a) that, for all t > 0, 
V;snVt - sn,, G S(Kf ). 

(iii) Assumption (e+) implies (e). To see this note that if (e+) holds then E( is 
bounded and invertible, and V(*(iJi + iHi) is a closed subspace of Kf^ containing 
RanS°, and so equals K®^. Now we claim that W^Xt itself satisfies the conditions 
required from (e). To see this, note that 

is defined on all of L{KtWf Xt) and, since Et is bounded, E^ EJ is defined here too. 
The decomposition sq = sn,, © soj^ in Remark (ii) gives jn = jn,, © jn^ ■ Thus 

^'AKtW:Xt) = Vt*jn^°{K © K)Vti,{KtW:Xt) 

= V;jn^°VtiiW:Xt) = jn,,^MW:Xt). 
It now follows from {/S) and (e) that Eii(XtVFt*Xt) is dense in K®^. 
Recall that 

Hi := E°i(y) and H2 :== H^^ = iH^''^ ^ (iH^f''^. 

Theorem 5.1. Under Assumptions (a)-(d) on the pair (E°,X), the following 
hold. 



(a) {Hi,H2) is in generic position, so Theorem[J7B applies. 

(b) sn and fn are affiliated to L°°(R+) B(k®2). 

(c) SnI = Io{sn(^nSn). 

Proof, (a) Let us abbreviate ^°-^ to -'-. We first make a general observation about 
elements of Hi. For F E Hi, let (/") be a sequence in X such that Tji{f'^) -^ F 
and let i > 0. Then 

E^V^i^ = hmErV/E^D = limy;.(r). (5.1) 

Thus (/["S J]) converges, to ft &% say, where Vt* i{ft) = ^i^Vt*F so t(/t) G DoniE 
and, by (EU, ^^i^ = ^tVt* i{ft) = "^^;St(/t), so Et(/t) = F[o,t]. 

(i) Let F eHinH2=Hir] {iHi)^. Then, for all t e IR+ and ,g e X, 

= -Re(F,^Et(g[o,t])> = Im(F, E.(g[o.t])) 

= Im(-F[o,t[,St(.g)) = Im(Et(/t), Et(g)) = Im(/t,.g), 

since E o t is symplectic. Thus, for /i g X n iX, Im(/t,/i) = and Re{ft,h) = 
lm.{ft,ih) = 0. Since X n «X is dense in K, this implies that ft = so F^Qt] — 0- 
Letting t vary we see that F — 0. Thus Hi n i/2 is trivial. 

(ii) By Remark (7) it follows that RanE° is dense. Therefore the triviality of 
H^ n H2 follows from the relation 

Hi nH2 = H^ n (iHi)-^ = {Hi + iH2)^ C (RanE°)-^ = {0}. 

(in) Let F e Hi f] H^ = Hi f] iHi and set R == Ran l. Then, for each t > 0, 
F[Qt] — Ei(/() and iF^Qt] — T^i{gt) for some f,g E K. Therefore, for each t>0, 

F[o,t] G Ran E o i n i Ran E o i = E(i? n iR) = {0}, 

so i^ = 0. Thus Hi n H^ is trivial. 



QUASIFREE MARTINGALES 19 

(iv) In view of the identity H^ n H^ = iH-z n iHi = i{Hi H2), (i) implies that 
this subspace is trivial too. Therefore (a) holds. 

(b) Since /o = s^, it suffices to show that sji is so affiliated. Let t > 0. Then, 

for f ex, 

PtT.°i{f) = S°i(/o,t[) e y(i>Wgr!, and 

Thus {ptsn)\vi^)*w° Q. C snPt- Since snPt is closed and, by Part (b) of Theorem l4.2l 
y(i)*yyoj-j is a core for sn, this implies that ptSn C sop*. (b) therefore follows from 
Lemma 13.11 

(c) This now follows from Theorem 13.41 D 



Remark. In |HH+| an abstract noncommutative stochastic calculus is related to 
squeezed states, additive cocycles with respect to the natural shift are considered, 
and an Ito table derived. In [LMj we derive the Ito table for the general quasifree 
setting considered here. 

Examples. For the squeezed quasifree states discussed in Section HI Assump- 
tions (a)-(d) are satisfied if T and P are affiliated to L°°(IR_|_) ®B{k), P is locally 
bounded, K' is a pointwise conjugation on K: {K' f){t) = k' f{t) {t e K+) for some 
conjugation k' on k, and there is a € L5^j,(R+) such that a > almost everywhere 
and T > M^-i ^ I\^. Assumption (e+) is satisfied too if a may be chosen so that 
also T < Ma<E)Ik- 

On the other hand, if P is bounded and T = /l2(r+) ^ Q where Q is a closed, 
densely defined, unbounded and bijective operator then the resulting pairs (E°, X) 
satisfy (a)"(e), but not (e+). 

6. Modified Ito integral 

In this section we establish the appropriate analogue of the abstract Kunita- 
Watanabe Theorem at the vector process level. 

Let (S°,X) be as in Section [5l take the notations E, fi, N(x;^-) and Vt from 
Sections [5] and SI and fix a von Neumann algebra A acting on a separable Hilbert 
space f), which we refer to as the initial algebra, with cyclic and separating vector 
V. Assumptions (a)-(e) are in operation, and we set N = N/j^^-), 

M = A®N, ^^v(^n, E= M'C, 5 = 55, and ^3 = f) ® -^kffi^ . (6.1) 

Thus the vector ^ is cyclic and separating for the von Neumann algebra M, 5* = 
Sv (8> Sq f [StZ| . 10.7), and the Hilbert space Sj is separable. Also write Pp for 
V^PiVn, the restriction of P* on K®^ (g) ij to the subspace L^(K+;k®^ '» Sj) — 
which conveniently extends to a map L^ [q^(R+; k®^ .ft) — >■ L'^{R+; k®^ (8) io) in a 
natural way. Finally, set 



k^ := k o TT = IT o k, K^ := K o tt and K^ := Kt o ir, 

where k, K and Kt are the conjugations on k®^, K®^ and K®^ respectively, and tt 
is the sum-flip on each of these orthogonal sums. 

Lemma 6.1. The following holds: 

(so ® S)[^Vt ®Isj)c i^Vt ® Isj){K^ ® S). 
Under Assumption {e+) this can be strengthened to an equality. 
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Proof. Recall that sn = sn^. ® sn.^ and, by Proposition 14.31 (a), so^, is bounded, 
hence so^.S* — YjtK^ . Now, since Vt is an isometry, applying Lemma lA.ll (d) 
together with Proposition 14.31 (b) we get 

(sa ® S){^Vt ® /y,) - (so ® S){Pt ® T){T.Vt ® h) 
= {Vt (E) I){sn,] (E) S){i:t (g) ly,) 
C {Vt^t E) h){K^ ®S)^ {^Vt ® If,){K^ ® S). (6.2) 

If Assumption (e^) holds then (sn (E) S){'E,Vt <E) Isj) is closed and defined on 
DomSVt ® DomS", which is a core for snEVt E) S. Thus {sn E> S){Y,Vt E) If,) D 
snT,Vt E) S — 'SVtKf ® S and (|6.2p can be strengthened to an equality. 

D 

Lemma 6.2. The following holds 

{sn<EnS){J:E)nIi,)Ppc{J:<EnIsj){K''<EnS)Pp {teR+). (6.3) 

Moreover, under Assumption (e+), this is an equality. 

Proof. Let t E IR+ . In view of the identity 

{Vt ® I^){Vt*K^Vt E) S){Vt* E) Isj) = (if" E) S){VtV; E) Isj) 

(which follows from Part (d) of Proposition IA.3|) , applying Lemma 13. 2[ first with 
T = E and X — Isj and last with T = K and X = S^ and Part (b) of Proposition lXTSl 
again, we have 

LHS of dlSl) = V^{sn E) S)VnV^{^ E) h)VnP^ 
= V^{sn®S){J:E)h-,)VnPp 
= V^{sn ®S){^E) I^){Pt E) h,)Vn 
= V^{sn ® S){J:Vt ® I^){V; ® I^)Vn 
C V^{EVt E) I^KK^ E) S){V; ® Isj)Vn 
= Vh*(S E) IsjWt E) I^){Vt*K^Vt E> S){V: E> h)Vn 
= V^{^ E> h){K^ E> S){VtV: E> h)Va 
= Vn(S El h){K'' E) S)VnPt^ = RHS of (jO)) 
with equality if assumption (e+) holds. D 

Lemma 6.3. The operator if E) S on i^(M+; k®^ E) Sj) = K®^ E) ^ may be char- 
acterised as follows: 

DomK'' E)S ^ {f e L'^{R+;k®'^E)fo) : f{t) £ Dom k"" E) S for a. a. t, and 

{k^ (E S)f{-) e L^{R+;k®^ ® Sj)} 
{K^E>S)f={k^E)S)f{-). 

Proof. Call the operator defined above R. The inclusions K^ ®S C R C K^ E) S 
are easily verified, it therefore suffices to show that R is closed. Letting (/„) be 
a sequence in K®^0 Boms' satisfying /„ — > / and i?/„ — >■ g, we may pass to a 
subsequence and assume that the convergence is almost everywhere. Then, for 
almost all t G R+, 

f{t) = lim/„(t) and g{t) = lim(i?/„)(i) = lim(A:" ® S)fn{t), 

and so, since k"" (E S is closed, f{t) g Dom/c^ Ei S and {k"" E) S)f{t) = g{t). Since 
g is square- integrable, it follows that / G Domi? and Rf = g. Thus R is closed, as 
required. D 
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Define the following modified Ito integral: 

Z^:-Zo(I]®o/ii), (6.4) 

and set if := Zo (S (S)n If,)Pp it e M+). 

Remark. Under Assumption (c+), the integral if is bounded and has full domain 
Lq(]R_|_; k®^ (g) ij), for all t £ M+. Without Assumption (e+) the domains may be 
smaller. Accordingly, let Domjoc S (g)n /$, denote the set of (measure equivalence 
classes of) functions z : R+ — ?► k®^ ® Sj such that, for all t e R+, 

Zt e k®2 (g) i3t and Z[o,t] G Dom E (go Jj-, . (6.5) 

Proposition 6.4. Let z E Domioc S (gn /q. T/ien, /or aZ/ 1 e IR+, 

||lfz|P = ||(S®/^)z[o,,]|p 

and Xf z = if and only if zro^ji = 0. 

Proof. The first part follows immediately from Ito isometry. For the second part, 
note that we also have ||Xfz|| = ||S(V(*Z[o,t]||, and so the result follows from the 
injectivity of Et and the fact that V^* is isometric on i^t. D 

By a vector martingale in f) we mean a family {xt)t>o in i3 satisfying PsXt = Xg 
for aU < s < t. 

Theorem 6.5. Let x he a vector martingale in f). Then the following hold. 

(a) There is a unique z G Domioc S gio /fj such that 

xt-XQ=lfz (fe]R+) 

(b) The following are equivalent: 

(i) X is Dom S -valued. 

(ii) xq G Dams' and Z[o,t] G DomEii"^ g)n S /or all t E IR+. 
When these hold, 

((i^"(gnS)z[o,t])(s) = (fc"®S)z, /ora.a. se[0,t], 

and, for all t G M+, 

Sxt-Sxo-lf((A:"(gS)z.) =Z^((X"(goS)z[o^t]). (6.6) 

(c) // also (e-|_) /lo/ds </ien we have the following further equivalences: 
(iii) Xq G DomS" and Z[o,t] G DomiiT'^ g)n S for all t G R+. 

(iv) So G DomS", z is almost everywhere Dom(A:^ g) S)-valued, and the 
function s i— > (fc'^ g) S')zs is locally square-integrable. 

Proof, (a) Uniqueness follows from Proposition l6.4l By the abstract Kunita-Watanabe 
Theorem (see jLai), there is y G Ljj [q^(R4.; k®^g)Jo) such that Xt—xo — XtV (t G K+). 
Letting ^ G Domioc E (E)n L^, be the process defined by 

we have xt — xq = if z (t G IR+). 
(b) By Lemma [6.21 we have 

(so (go S)(E (gn /i5)J"t'^ C (E g)n /fl)(if" (gn S)Pp (t e R+). 

Therefore, by Part (c) of Theorem 15.11 (which happily ampliates to the current 
setting), 

SI o (E (go Is,)Pp = I o (so ®a S)(E (go Ls,)Pf 

Clo(E®o/i-,)(^"®aS)Pt" (6.7) 

so SX^oPf- c X^o{K''®i-iS)Pf, for all t G R+. This gives (i) ^ (ii) and, when (i) 
holds, identitv( |6.6p . Conversely, if (ii) holds then (V/ (g /f,)z[o jj is in VtOTiiT^tK^ (g 
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S'nDomEt^/so, by Proposition lOl(c). (F^* (X)/i5)2;[o,t] S Dom(sot) (g> S){T,t(E) If^) 
and it follows from Theorem 13.41 that z^q^] £ DomS*!^, so (i) holds. 

(c) Now assume that (e+) holds. Lemma lOl yields equality in (16. 7p . so (i) is 
equivalent to (iii). The equivalence of (iii) and (iv) follows from Lemma 16.31 D 

7. QUASIFREE PROCESSES, MARTINGALES AND INTEGRALS 

For this section the setup is the same as in Section [6j and we write S for the 
domain M'^, as in Sections [1] and [5] Quasifree martingales and stochastic integrals 
are defined and the martingale representation theorem is established. 

We rely heavily on the vector-operator linear isomorphisms (II. 4p and p.3p , and 
on the transpose operation on unbounded operators treated in Section[21 Filtrations 
of OM(S;i3) and C'J^(S), and conditional expectations, are defined by 

OM(S;io)t :- {T e Om{^;Sj) : T^ e F)t} , 

0*,(S)t:=OM(S;ro)tnO^(S), and 

Ef :Om(S;.5)^Om(S;Jo), Ef[T]^^PtT^ (i G M+). 

Thus OM(S;io)t = RanEf and Ef [0^(S)] = ©^(S)* (i £ M+). A quasifree process 
is a family X — {Xt)t>o in OmC^',^) adapted to the above filtration; it is a quasifree 
martingale if it satisfies 

Ef[Xt]^Xs {s<t), 
equivalently, (^t^)t>o is a vector martingale with respect to the filtration (i5t)(>Q 
(cf. (L3]). Thus, for example, if T e Om{^]^) then (Ef[T])^^ is a martingale; 
these are called closed martingales. 

Remark. The maps Ef induce conditional expectations in the standard sense of 
Umegaki (norm-one projections) from M to Mt :— A(8)Nt which leave the vector 
state uj^ invariant. Here Nt :— yV£(Xt)" In general, due to Takesaki's No Go The- 
orem, the existence of such conditional expectations is not guaranteed; it rests on 
the subalgebras being left invariant by the modular automorphism group associated 
with (M,0 (1^; see Theorem IX.4.2 of fTa^]). 

Write PE(k, A, u) and M5](k, A, u) for the collection of quasifree processes, re- 
spectively martingales, and set 

P|(k,A,i;) :== {X £¥^{k,A,v) : Xt €0^(2) for alH e K+}, and 

M|(k, A, v) := ME(k, A, v) n P|(k, A, u), 

referring to such processes and martingales as adjointable. We are ready to define 
quasifree stochastic integrals. Recall Corollary [ 



Definition. A quasifree integrand is a family F = (i^t)t>o in A^^jIMjOo such that 

F.[leeDomiocS®n/fl. (7.1) 

Write Is(k, A, v) for the collection of these, and I|^(k, A, v) for the subcoUection of 
adjointable integrands, that is those for which 

Ft £ 7Wi(M,e)o for all t £ R+ and F^ := (^/)t>o ^ ^(k, A,u). 

For F £ Is(k,A,u) define Af{F) £ ^^(S;.^^) by 

Af(F)c = if(F.ac) (teM+). 
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Remarks, (i) By Lemma FOl the operators of an adjointable quasifree process have 
common core Sq '■— A'-u^yVso-ri; those of an adjointable quasifree integrand have 
common core k® Sq. 

(ii) The exphcit action of quasifree integrals on vectors from the dense subspace 
So is given by a Hitsuda-Skorohod integral ( |LM) ): it is obtained from commution 
relations between Weyl operators and such integrals (IL3I). 

(iii) For F G l5](k, A,w) with block matrix form [° ^^], i^" is the family ^^t 

in Ck®2(M,0 == C'M(S;k®2 0i5), and if i^ e 4(k,A,u) then F^l e C^*®2(M,C) C 
Ot,(S,k®2^S)andi^t[]=[^q. 

(iv) The top left zero in the block matrix form of F is available for a time-integral. 
We have no need for these here, but they arise naturally in |LM| . 

(v) The bottom right zero is related to the fact that there is no number/exchange/guage 
process affiliated to the quasifree filtration. 

(vi) From Proposition 16.41 we have a form of ltd isometry (cf. IBSW2I ): 

\\Af{F)(f = ||I]tl/t*Z[o,t]||^ for aU t e R+, where z := i^."^. 

(vii) Quasifree creation and annihilation integrals are defined by 

A;{L) + At{M) ^ Af{F) where F^[^^'f]. 

The proposition below confirms that, for adjointable i, A^ (L)^^ = At{L^). 

(viii) When X is a complex subspace of K, as in the case of squeezed states, 
quasifree creation and annihilation operators (may be formed, and) may be viewed 
as quasifree Wiener integrals: 

(a*(/)+a(.9))-A^(i7), so {a*{f) + a{g))^ = I^'ih® ^) (/,geK), 

where 

[\f)®I^ 

(ix) In the guage-invariant case we have orthogonality of creation and annihila- 
tion integrals on the cyclic and separating vector, entailing some simplification in 
the analysis for that case: 

Al{L)^ L At{M)^ (ieM+). 
(x) Under (e+), the condition of adjointability for F E l5](k, A,w) is equivalent 
to 

{F^k)[o,t] e DoiaK(E)n S for all teR+, 
which is in turn equivalent to 

Ft e A^i(M,Oo for a.a. t € R+, and 

(fc (g) S)F.'S. is locally square integrable. 

Example (Exponential martingales). Elementary examples of bounded quasifree 
martingales are given by 

£;/ = gi||S.(/[o,,)lt V(/[o,,]) (teK+), 

where / G L'^^^{R+;k) is such that t(/) G Domioc S (so A = C here). These 
martingales are adjointable, with {E^y = E^f , and have the following stochastic 
integral representation: 

Ef =I:f + A^(F) where Ft = i\ |^(,)^ ^^^*^' 1 ® e( (t e R+). 

In other words, they satisfy the basic quasifree stochastic differential equation 

dE(^E(dX{ El=I^, 



and h — [ _ 
9 
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where X^ is the martingale formed from the field operators (*^(/[o,t]))*pR ! E:^ is 
said to be the stochastic exponential oi X^ . 

Proposition 7.1. Lef F e Is(k, A, w). T/ien A^(i^) e ME(k, A, w). 

Proof. This follows from the fact that, for any z e Domioc(S ®n Isj), ^^{z) is (an 
Ito-integral process and thus) a vector martingale. D 

We conclude with the converse, which may be viewed as confirmation that the 
general definition of quasifree integrals given here is the correct one. 

Theorem 7.2. Let X £ Ms(k, A, v). Then the following hold. 

(a) There is a unique F G l5](k. A,-;;) .such that 

Xt-Xo=Af{F) (i>0). (7.2) 

(b) The martingale X is adjointable if and only if the operator Xq is adjointable 
and the integrand process F is adjointable. In this case 

x/-4=Af(Ft) (t>0). 

Proof, (a) Uniqueness follows from uniqueness in Theorem 16.51 Let x — [Xt^j^ 
be the corresponding vector process in ^. Then, by Theorem 16.51 there is a unique 
z £ Domioc S ®si /j--, such that xt — xq = Tf'z for all t £ R+. Now define 



zt 



i«eOM(S;k®20i5)=Ck®2(M,C) 



and, recahing Corollary [221 define Ft £ M-j^iM,Oo by F^^ ^ Q^ {t £ M+). Then 
Q.^ — z £ Domioc S (E)n h-j and so i^ G Is(k, A, v) and (|7.2[) holds since 

Af (F)e = ifiQ.O = xt -xo = {Xt - Xo)^. 

(b) Now suppose that the operator Xq is adjointable. By Theorem 12. 2[ the 
adjointability of the integrand process F is equivalent to 

Q.^ is a.e. Dom(fc S')-valued, and 
{k (S) S)Q.£_ £ Domioc ^<»nls)- 

Since tt is unitary, k may be replaced by fc^ = tt o fc and so, by Theorem 16.51 this 
is equivalent to 

{xt - xq) £ Dom S for all i e K+, 
in which case, 

Sxt - Sxo = If ((fc'' ® S)z.) for all i e R+. 

Thus F is adjointable if and only ii X is adjointable, in which case, by Corollarv l2.31 

X}( - Xl^ = If ((fc- ® 5)g.O - lF{F^k) - Af (i^t)^. 
(b) follows and so the proof is complete. D 

Remark. If Assumption (e+) also holds then, by Remark (x) following the definition 
of quasifree integrands, the conditions for F to be adjointable simplify. 
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Appendix: Unbounded operators and tensor products 

In this appendix we collect some basic facts about the behaviour of unbounded 
linear and conjugate-linear operators under composition, adjoint, orthogonal sum 
and tensor operations, for ease of reference in the paper. 

For compatible densely defined Hilbert space operators we have the following 
inclusions 

{Si + XS2)* D SI + XS2, with equality if 5*1 is bounded, 

(535*4)* D 54^3, with equality if ^3 is bounded, (A.3) 

whenever Si + XS2 and ^3^4 are also densely defined and A € C \ {0}. We refer 
to (jA.3|) as the adjoint-product-inclusion relation. We call a Hilbert space operator 
T, with target H, injective/surjective/bijective if it has that property as a map from 
DomT to H. Thus if T is injective then T~^ is the operator given by DomT"^ = 
RanT, Tu 1— ^ u; if T is closed and bijective then T~^ is everywhere defined and, by 
the Closed Graph Theorem, bounded — as is usual, we refer to such operators as 
invertible. Here are some more detailed relations. They each follow, in turn, from 
the definitions; proofs of (a) and (b) may be found, for example, in [Wei] . Recall 
that a core for an operator T is a subspace of its domain which is dense in the 
graph norm of T. 

Lemma A.l. Compatible Hilbert space operators satisfy the following. 

(a) Let S, B, R, E and F be operators, with S closable, B bounded, R closed and 
injective with bounded inverse, E bounded, everywhere defined and bijective, 
and F bounded and injective with bounded inverse. Then [when defined) 
(i) SB and RS are closed; 
(ii) if BS is closable and Dom B Z) Ran S then BS is closable and 

Sf =B5; 

(iii) FSE is closable and 



FSE = FSE, 

in particular, FSE is closed with core E^^ Dom 5. 

(b) Let T be a closed and densely defined operator, and let D be a closed, densely 
defined and bijective operator. Then (when defined) 

(TD)* ^D*T*. 

(c) Let S be a closable operator and V an (everywhere defined) isometric op- 
erator satisfying SVV* D VV*S. Then V*SV is closed and V* (Dora S) is 
a core for both SV and V*SV. Moreover, if S is also densely defined then 

(V*SV)* = v*s*v. 

We need to consider tensor products of unbounded operators. The following 
commonly used notation is convenient. For operators Ti and T2, Ti®_T2 denotes 
the unique operator T satisfying 

Dom T := Dom Ti ® Dom T2 

T(ui ® U2) = Tim ® T2U2 (ui e DomTi, U2 e DomTz)- 

The elegant proof of part (c) below is from [Weij , it perhaps deserves to be better 
known; for other proofs, see Section VH.IO of |RSi| and Chapter 9 of |StZ| . Recall 
that, for an operator T on H, a vector a; G H is analytic for T if x € HnGN DomT" 
and E„>o("0"^ll(^r)"a;|| < cx3, for some t > 0. 

Lemma A. 2. Let T = Ti®_T2 for Hilbert space operators Ti and T2. 
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(a) // Ti and T2 are closable then T is too. 

(b) // Ti and T2 are closable and densely defined then 

(i) T* = T*®T*, 
(ii) T^iTl^T^y. 

(c) // Ti and T2 are essentially selfadjoint then T is too. 

Proof, (c) First note that, being densely defined and symmetric, T is closable, T 
is symmetric and T D Ti®T2. Let Ai, A2 and A denote respectively the space 

of analytic vectors for the operators Ti , T2 and T. It is easily verified that 
A D Ai^A2. Since a closed symmetric operator is selfadjoint if and only if its 
space of analytic vectors is dense f jNel| : see Theorem X.39 of IRS2I ), (c) follows. 

(b) (ii) follows from (i) by taking adjoints. We prove (i). It is easily seen 
that T* D Tl®T^, so T is closable, and that 1\®T2 C T. We must show that 
DomT^* ®T2* is a core for T* . Suppose therefore that z E DomT* is orthogonal to 
Dom Ti ® Dom T2* with respect to the graph inner product of T* ; we must show 
that z = 0. Setting A := T\T* ®%T*, we have A C TT* and, for ah u G Dom A, 

0= {z,u) + {T*z,T*u) = {z,{I + A)u). 

By (c) A is essentially selfadjoint and so TT* — A. Now / + TT* is invertible, so 
/ + A has dense range and thus z = 0, as required. 

(a) This follows by applying (b) to the operators obtained by viewing Ti , T2 and 
T as densely defined operators from the Hilbert spaces DomTi , Domr2 and DomT 
respectively. D 

Notation. For closed operators i?i and R2 (following common practice) we set 



Ri ®R2 := Ri®R2. 
Thus, for closable densely defined operators Ti and T2, we have 

(Ti ®T2)* = TI ® T; ^(Ti® %)*. (A.4) 

The useful facts collected together next may all be proved by systematic appli- 
cation of the above two lemmas. 

Proposition A. 3. For i — 1,2, let Ri, Ri, Ti, Bi, Bi, Ei and Fi be Hilbert 
space operators, with Ri and Ri closed, Ti closed and densely defined, Bi and Bi 
bounded and everywhere defined, Ei bounded, everywhere defined and bijective, and 
Fi bounded, and injective with bounded inverse, and set 

R = Ri®R2, T^Ti®T2, B^Bi® B2, E = Ei®E2, F^Fi® F2, 

and R = Ri® R2. Then the following hold [when the compositions are defined): 

(a) RBd RiBi®R2B2. 

(b) TB = TiBi ® T2B2 if TiBi and T2B2 are densely defined. 

(c) RE^RiEi®R2E2. 

(d) If BR, BiRi and B2R2 are closable then BR = BiRi®B2R2, in particular, 
FR ^FiRi(g>F2R2. 

(e) T = (Ti ^ l2){Ii T2), and if either Ti is injective with bounded inverse, 
orT2 is bounded, then {Ti®l2){Ii®T2) is closed, so T = iTi®l2){Ii®T2). 

(f) IfRiBi D BiRi then R{Bi ® h) D (Bi ® I2)R. 

The following corollary is also useful. 

Corollary A.4. Let T = Ti (g) T2 and U = Ui ®) U2 where, for i = 1,2, Ti is a 
closed and densely defined operator from Hi to H[, Ui is a closed subspace of Hi, 
and TAU^ n DomT,) C U^. Then TiU r\ DomT) C U. 
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Proof. Letting Vi, V2 and V be the inclusion maps of Ui, U2 and C/ in Hi, H2 and 
H respectively, Part (b) of Proposition IXTSl implies that 

T|t/ = TV = TiVi® T2V2 = Ti lu, <» T2 \u, , 

from which the result is evident. D 

For a sequence of operators (T„ from H„ to HjJ„>o an operator T — ^Tn from 
H = H„ to H' = H^j is defined in the obvious way: 

DomT = {e e H : V„>oe« e DomT„ and ^||T„e„f < 00}, T^ = (T„e„). 

n>0 

Elementary properties of this construction include the following: 

* If each T„ is closed then so is T. 

* If each T„ is densely defined then so is T, and T* — ^T*, 

* If each T„ has core C„ then T has core J2n>o^"- (algebraic sum). 

* r is bounded if and only if each r„ is bounded and sup„||r„|| < co. 
Recall the notation £{S) := Lin{£(i;) : v e S}. For a closed operator R from hi to 
h2, operators from r(hi) to r(h2) are defined by 

r(R) := 0i?("), where, for n > 0, i?(") := V^*i?^"T4, and 

r(i?)| := r(i?)|£(Dom_R), 

y„ and 1/^ being the inclusions h^;'" ^ hf " and h^" -> hf ". 

Proposition A. 5. Let R, S and T be operators from hi to h2 such that S is densely 
defined, R is closed and T is closed and densely defined, and let C he an everywhere 
defined contraction operator from hg to hi. Then the following hold. 

(i) r(i?) is closed. 

(ii) If C is a core for R then £{C) is a core for T{R). 

(iii) T{S)* ^V{S*). 

(iv) r(C) is an everywhere defined contraction operator. 

(v) T(RC)C1T(R)T(C). 

(vi) T{TC) = r(r)r(C), when TC is densely defined. 

Proof, (i), (iii) and (iv) follow easily from the elementary properties of orthogonal 
sums of operators listed above, (ii) follows from the fact that £{C) is dense in 
r(h+), where h+ denotes Domi? in the graph norm of i?,, and this in turn implies 
(v) , in view of the obvious inclusion 

T{RC\ C T{R)T{C), 



and the closedness of the RHS (by Part (a) of Lemma [A. ip . 

(vi) follows from (v) and the fact that T^^C®" = (TC)®" {n e N), cf. Part (b) 
of Proposition rSl3l D 

Remark. For an everywhere- defined contraction operator C, r(C) is known as the 
second quantisation of C f [Coo] see, for example, |RSi| ). 

We also need to consider conjugate-linear operators, including the Tomita-Takesaki 
operators associated with a von Nemann algebra with cyclic and separating vector. 
Thus, for a conjugate linear operator T from Hi to H2 with domain V, its adjoint 
is the conjugate-linear operator from H2 to Hi defined as follows: 

DomT* := |x G h' : the linear functional u G 2? — > {Tu,x) is bounded} 
{T*x,u) = {Tu,x) (ueV.xeDomT*). 
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In terms of any antiunitary operator J : H2 — > Hi, 

T* = J{Tjy, 

TJ being a linear operator with domain J^^D. Compositions, orthogonal sums 
and tensor products of conjugate-hnear operators enjoy corresponding properties 
to those of their hnear sisters hsted above. Thus, for closable conjugate-hnear 
operators T, Ti and T2, Ti 0T2 is closable and its closure is denoted Ti (g) T2, and 
r(T) enjoys the properties listed in Proposition E5j 

Caution. If Ti is a linear operator and T2 a conjugate-linear operator then (except 
in the trivial case where one is a zero operator) Ti®T2 makes no sense, let alone 

Ti(ST2. 
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